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Abstract—The Shannon information amount corresponding to two independent generalized measurements of
all possible quantum states at the input and output is proposed as a natural quantitative characteristic of mutual
information stored in two compatible sets of quantum states considered as an input and an output. We analyze
the physical content of this information measure and its relation to other measures, such as the Holevo infor-
mation and coherent information. Using an example of two two-level systems, we reveal and discuss the main
essential properties of compatible information in the absence and in the presence of selection of states being

measured.

1. INTRODUCTION

There are two main approaches to the quantitative
description of information in quantum channels. One of
these approaches is based on the Holevo information
[1, 2] and isrelated to a semiclassical version of quan-
tum generalization [3] of the classical theory of optimal
decisions [4] and mathematical representation of a
guantum measurement in the form of a positive opera-
tor-valued measure (POVM) [5]. Classical Shannon
information [6] applied to classical input variables of a
semiclassical channel—indices a of possible input
guantum states—and quantum output variables is an
adequate information measure in this case. Another
approach isbased on coherent information [7, 8], intro-
duced as a characteristic of a fully quantum channel.
This parameter is described as the difference between
the total output entropy and the exchange entropy
added to the output from a reservoir interaction with
which in information transfer through a channel
describes the mechanism behind the appearance of
noise and the corresponding information |osses.

There is a substantial, qualitative difference
between these two types of quantum information, since
coherent information vanishes if the transfer of this
information is elated to measurement [9], while the
Holevo information is directly related to a measure-
ment procedure. Coherent information is, in fact, an
array of purely quantum information transferred from
theinput to the output, i.e., information destroyed at the
input, since copying of quantum information is impos-
sible[10, 11]. A semiclassical information at the input
is associated with classical parameters, which alow
copying. Inthis paper, we point out that thereis another
important and natural type of information in between
these two limiting cases of information—compatible
information. Information of this type is based on two

simultaneous, i.e., compatible generalized measure-
ments, performed at the input and at the output of a
guantum channel. The term compatibility is employed
hereinthe traditional quantum-mechanical sense asthe
possibility of applying classical logic to the relevant
pair of quantum events a and b, chosen from al the
events related to some quantum systems A and B, or a
pair of quantum physical quantities described by oper-
ators & and b. Mathematically, thisis expressed asthe

absence of nonorthogonality in the set of subspaces
corresponding to a and b or the commutative nature of

operators & and b, guaranteed in accordance with
basic principles of quantum mechanics applied to the
same moment of time. Compatible generalized mea-
surements are represented in the form of the relevant

tensor product Ea O Eg composed of Ex and Eg
POV Ms describing measurements at the input and out-
put, respectively. In particular, when these measure-
ments are related to classical setss{ > o and B > B of
indices of all quantum states Y, [1 H, and g [ Hg of
the input and output quantum Hilbert spaces, the result
of this measurement depends only on the input—output
density matrix and characterizes the information corre-
spondence between all the quantum states at the input
and output. Starting with the relevant sets of wave func-
tions Y, and Yy with known joint input—output matrix

Pag, We arrive at the following expression for the cor-

responding joint probability distribution of the results
of an input—output measurement:

P(da, dB) = [@|[B|paelBlo[dV,dVg, (D)

where dV, g describe volume differentialsin the spaces
of variables a and . This probahility distribution cor-
responds in a natural way to a Shannon information
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amount, which defines an array of compatible input—
output information.

Mathematically, the proposed information measure
does not involve anything new. Moreover, thisinforma-
tion measure inevitably appears in a sufficiently close
form in any discussion of classical information related
to a quantum channel (e.g., see [12, 13]). However, a
qualitatively new aspect is the analysis of the possibil-
ity to apply this measure as the most general character-
istic of a quantum channel with compatible spaces of
input and output states with the use of the above-speci-
fied structure of sets of the considered manifolds of
input and output states. This structure is natural for the
discussion of quantum systems in terms of the distin-
guishability of quantum states [13]. Compatible infor-
mation is the most general characteristic of a quantum
system where the input and the output are represented as
mutually compatible sets of quantum events governed by
adirect product of Hilbert spaces, Hyg = Hy O Hg. The
equivalence of contributions from all the states of these
spaces makes this characteristic operation-invariant. In
other words, this quantity ensures an equivalent inclu-
sion of the information related to various noncommut-
ing input and output quantum variables [14].

We should emphasize that, when we consider the
time evolution of a quantum system, the above-dis-
cussed compatibility impliesthat either single-moment
sets of quantum events or, at least, events that occur at
different moments of time t; and t,, but that do not
become entangled within the time (t,, t,), even if quan-
tum entanglement took place before the moment t;, are
employed as an output and an input. Otherwise, an
incompatibility (nonorthogonality) related to a partial
transfer of quantum uncertainty from the input to the
output of the channel appears between the input and
output states. Thus, to deal with a compatible informa-
tion only in the case of an input and output shifted in
time, we should associate the input information with
some reference states that remain unchanged in the
course of time.

In this paper, we discuss the physical meaning of the
input and output spaces of quantum states and the joint
density matrix for aspecific physical example of afully
guantum channel. We will calcul ate the dependences of
compatible information for such a channel on the most
important parameters of a quantum measurement.

2. DEFINITIONS AND GENERAL
RELATIONS

Suppose that two Hilbert spaces of statesH, and Hg
of quantum systems A and B areinitialy defined. These
spaces may correspond, in particular, to subsets of a
two-component system A + B or an input and output
defined in some other way for an abstract quantum
channel implemented in a specific physical system
(possible classification of various types of quantum
channels can be found in [9]). To determine the quan-
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tum information measure, we should define the averag-
ing procedure for any pair of Hermitian operators A

and B in H, and Hg, respectively. For this purpose, we
simply assume that the joint input—output density matrix
Pas isknown, sothat CA O B = Tr(A O B)pag. We
emphasize that the density matrix pg isassumed to be
self-conjugate and positive even in the case of the most
general type of the considered channel, as opposed to
generalized multimoment density matrix, appearing in
the calculation of multimoment means of a quantum
random process [15-17]. Introducing two relevant

POV Ms E (da) and E (dB) to represent two generalized
measurementsin A and B, we arrive a ajoint classical
input—output probability distribution:

P(da, dB) = Tr(E(da) O E(dB))Pas- )

It is important to emphasize here that, although these
two measurements are compatible due to the fact that
the output variables being measured commute with the
input variables, these measurements store information
in the relevant quantum correlations only if the joint
density matrix involves quantum entanglement. This
circumstance is of fundamental importance for the
schemes using specific properties of quantum informa-
tion in two-body systems[5].

The probability distribution (2) isdirectly related to
the Holevo information for a semiclassical channel
defined by an ensemble of mixed states p,, with proba-
bilities p, for a measurement at the output represented

by aPOVM E (dv). Starting with this set of character-
istics, we can pass to characteristics employed in
Eqg. (2) by introducing a quantum input instead of the
classical input a with the use of the input—output den-
sity matrix Pas ~ $ Eo(dw) O p,, where Eo(dp)
describes the orthoprojector measure defining a direct

quantum measurement in an appropriate quantum sys-
tem A. It can be easily seen then that the semiclassical

input—output joint distribution P(du, dv) = p“Trf)uE (dv)
coincides with its fully quantum representation (2) if

E (du) ~ Eo (dp). To make this correspondence less for-
mal, it is sufficient to recall that, with an adequate
description, all the classical systems are also subject to
the laws of quantum physics. Therefore, there always
exists also a fully quantum physical realization of the
introduced operators aslong as the considered classical
description is physically adequate.

Although the distribution (2) is substantially classi-
cal, it satisfies the requirement of the possibility of
mapping the quantum-mechanical averaging of func-

tions of the type f(A O B) of systems A and B (which
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can be generdly supplemented with reservoir vari-
ables):

F(AO B = J’J’f()\A,)\B) [E(dA,) O E(dAg)O

Thisisexactly what is of interest in any physical exper-
iment, when the detection system gets an information
from one (output) subsystem B, and the purpose of
experiments is to make quantitative conclusions con-
cerning variables of the other (input) subsystem A. The
main idea of thiswork isthat this distribution provides
an opportunity to describe the information capabilities
of aquantum channel, since an experimenter in the con-
sidered experimental situation, in fact, dways deds
with this distribution even if no real measuring proce-
dure is performed and only potentially possible quan-
tum-mechanical means are discussed. To develop the
corresponding information description, it is sufficient
to consider a unified most detailed POVM

E(dv) = vb|dV,, (3)

where |v[represents all possible wave functions in the
Hilbert space and dV,, describes the volume differential
in the space of variables v, instead of all possible
POV Ms corresponding to E (dA) inthe Hilbert spaceH.
Positive operator-values measures corresponding to
specific physical variables F = I)\ Eo (d\) can be then
constructed in the form

E(dA) = J’ vv|dV,.
A(v) OdA
Thus, using the unified POVM (3), one till has an
opportunity of characterizing means for any pair of
physical quantities.

For a given quantum channel represented here by
the joint input—output density matrix pag, we intro-
duce a quantum analogue of the Shannon informa-
tion—an unselected information | ,. Thisinformationis
defined as the Shannon information corresponding to
the joint input—output probability distribution (2) for
measurements of the form (3):

l[Pag] = S[P(da)] + S[P(dB)] - S[P(da, dB)], (4)

where P(da) = J’B P (da, dB), P(dB) =J’a P (da, dp) and
o and 3 describetheindices of all thewave functionsin
the Hilbert spacesH,, and Hg, respectively, correspond-
ing to two unified POVMs E (da) and E (dB) in H, and
Hg. Since a and B exhaust all the states |aand |3Cof
the Hilbert spaces H, and Hg, they also contain the
information regarding the quantum mature of the chan-

nel. If some arbitrarily defined POVMs Ex and Eg are
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considered instead of unified POVMs E(da) and
E (dB), we generally obtain a selected information

I S[ ﬁABl EA! EB]

= S[P(En)] + S[Pg(Es)] — S[Pas(En, Es)],

which depends on the choice of the special measuring
procedure, corresponding, in particular, to some
selected physical variables. Here, Py, Pg, and Pyg
describe the partial and joint probability distributions
corresponding to the chosen POVMs.

In terms of the definitions given above, the mathe-
matical representation of a channel somewhat differs
from the representation typical of the cases when the
above-mentioned types of information are considered.
In those cases, a channel is introduced directly as a
transformation implemented by the channdl, i.e,, as a
conditional output—input distribution P(dB|a) in the
classical Shannon theory, a conditional output—input
ensemble of quantum states p, in the semiclassica
theory, or the relevant superoperator transform of the
input density matrix N in the theory of coherent infor-
mation. However, the information considered in this
paper does not require adirect definition of this channel
characteristic, but is based on the joint density matrix
Pas and the corresponding distribution P(da, dp),
which includes, along with the input distribution P(da),
the conditiona distribution P(dB|da) = P(da, dB)/P(da).
Thus, the quantum application of the classical Shannon
discussed in this paper is even more symmetric than its
classical prototype.

The unselected information (4) is independent of
local unitary transformations of the two-body density
matrix Pg. Being applied to p,g in calculations of
joint distributions P(da, d), these transformations can

be equivalently applied to POVMs E (da) and E (dB).
Due to the completeness of the states Y, and g, thisis
manifested in the form of the geometric transform in
spaces of values of a and [3, leaving the information
amount unchanged.

The situation is different in the case of selected
information, since unitary transformations of POVMs

Ea and Es may substantially modify the distribution
Paxs(Ea, Es). Animportant aspect here is the possibil-

ity to apply various transformations on Ea and Eg to
distinguish between orthogonal bases of quantum
states for systems A and B having different correlation
properties if the state p,g corresponds to information
exchange through certain physical variables. Con-
versely, if unitary transformations are reduced to asim-
ple commutation within basis states, the information
amount remains unchanged. Another important aspect
is that, in contrast to classical information, the use of
POV Mswith areduced set of considered argument val-

()
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ues does not necessarily decreases the amount of infor-
mation if nonorthogonal states are involved. Thisisdue
to thefact that the addition of nonorthogonal states may
|ower the amount of accessibleinformation, rather than
to increase this amount, since the free entropy (infor-
mation) accessible for exchange [13] may remain non-
increasing with such an addition, while the total uncer-
tainty grows. Moreover, the optima choice of the
reduced POVM in the case of entangled states allows
the information amount to be increased due to the addi-
tion of quantum fluctuations correlated at the input and
output to purely classical relations (see Section 4.2).

3. AN EXAMPLE OF A PHYSICAL
QUANTUM CHANNEL

Let us show how the definition of compatible infor-
mation can be applied to a physical modd of a channel
with quantum input and output. First, we should recon-

struct the joint density matrix p,g in the case when the

channel is defined by the relevant transform superoper-
ator N [7]. In fact, this procedure is reduced to the
determination of the true physical input of the channel
corresponding to its abstract definition in the form of
the density matrix. Similar to any density matrix in

guantum theory, the input density matrix [SQ in[7], as
itiswell known, cannot be aprimary object of quantum
theory. This matrix can be constructed from more fun-
damental concepts: either from a pure state of some
closed quantum system or as an equivalent representa-
tion of a physically motivated mixed ensemble of pure
states. Correspondingly, the procedure of the so-called
purification of a quantum state, which represents the
input density matrix as an equivalent of a pure state in
an expanded system Q + R, in fact, implies that we
come back to the rigorousdly quantum prototype of the
density matrix, mapped in the additional reference sys-
tem R by quantum fluctuations. Since the transform
implemented by the channel on the system Q changes
its state, Q — Q', where Q' = B in our notations, the
true input in terms of the above-described concepts is
understood as an invariant state of the reference system
Rthat is not covered by the transform of the channel N'.

To restrict ourselves to the framework of input
description employed in the theory of coherent infor-
mation, we should use, in accordance with[9], aspecial
choice of thereference systemintheform R=A. Inthis
case, we find that

Pae = Y RPN D I*M*,  (6)

where N is the channel superoperator, p; ; and i, j Care
the eigenvalues and the eigenvectors of the input den-

sity matrix f)Q , and asterisks stand for the eigenvectors
of the complex-conjugate (mirror-reflected) input den-

. . AQ% . . .
sity matrix p~ . The latter matrix describes the initial
state of the physical input A, which transfers its quan-
2001
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Fig. 1. The structure of aquantuminformation systeminthe
case of two A systems with two radiatively stable levels
employed as a qubit (with the use of notations of [20] for
constituent subsystems). In the analysis of compatibleinfor-
mation, two entangled qubits R and Q are considered as an
input and an output of a quantum channel. The qubit Q is
aso considered as an input of the qubit—photon field Q'
channel [18]. The photon field stores coherent information
concerning the input qubit. Entanglement with the qubit R,
which is considered as areference system, is the content of
this coherent information. To read out this coherent infor-
mation, two resonant laser pulses excite a qubit Q, leading
to aradiative decay with emission of two photons and exci-
tation of the three-level subsystem Q' of the photon field,
which servesas an output B for the channel. Radiative decay
occurs in the system Q + E, where E is a reservoir formed
by the upper excited state of the A system and the states of
the photon field that are not included in the subsystem Q.

tum information to the intermediate input A = A*, rep-
resented by the input density matrix f)Q through apure
two-component state Pap = z JB, [ifi*d The von

Neumann entropy §p°] =9 f)Q* ] describestheinitial
entanglement of the system A + A*, and the correspond-
ing coherent information |, = Jpg] — JPae] can be
interpreted as saved entanglement, which coincides
with the initial entanglement, §p.] = Jpe], in the
case of anoise-free channel (i.e., achannel implement-
ing an identity transform, N = %), generally decreasing
after thetransformation implemented by anoisy channdl.

A characteristic example illustrating the specific
features of quantum-information transfer in physical
systems isthe model of information exchange between
a qubit of a A system and a vacuum photon field [18]
(see Fig. 1). The ground radiatively stable two-level
states of A systems are employed as carriers of infor-
mation qubits, which are believed to be promising car-
riers of quantum information potentially suitable for
the storage of quantum information and implementa-
tion of quantum logic gates (see, e.g., [19] and refer-
ences therein). The channel is formed by a qubit Q,
which is described in theory [20] as an input channel
and which is represented by the input density matrix

p°, and the output Q'. The latter is represented here by
a three-dimensional Hilbert space formed by vacuum
and two one-photon states of the radiation field excited
with two dipole-active transitions from the excited state
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to the ground state of the A system, which is repre-
sented by a two-level system with levels split in their
energy.

The process of information transfer involves two
laser fields transforming the initial qubit into the
excited state, which is manifested in the form of two
emitted photons, serving as carriers of quantum infor-
mation. The excited atomic state and the other degrees
of freedom of the photon field work as areservoir. The
meaning of the process of laser excitation is twofold.
On the one hand, this process provides an encoding
transform, ensuring a nonzero level of information
exchange between the information qubit and the photon
field. On the other hand, it acts beyond the space of
states of the input qubit, because the qubit is associated
only with the ground state. If we still associate the ini-
tial quantum information with the complete three-
dimensional space of the A\ system, then this process
becomes reversible and is represented by the relevant
unitary input—input transform. Otherwise, it would be
reasonable to include this processin the channel super-
operator N as an additional input—/A-system transform
at the input of the A-system—photon-field channel.
Consequently, we have some degrees of freedom in
choosing the terminology employed to describe the
information significance of this transform, associated
with the choice of theinput and output. The meaning of
the reference system R [20] is also twofold. From the
mathematical viewpoint, this system isintroduced only

to express the mixed initial state [SQ through a pure
entangled state Yqr Of a broader system Q + R, repre-
sented above as Pans, in order to relate the amount of
quantum information stored in the form of entangle-

ment, p°] = IpT], to this state. However, as it fol-
lowsfrom the exampl e considered above, thisreference
system bears also some real physical meaning as asub-
system of areal two-qubit system, serving asabasisfor
the organization of quantum computations [21]. The
entanglement between the photon field and the refer-
ence two-level system R is then the specific physical
content of coherent information I...

4. ANALY SIS OF COMPATIBLE INFORMATION
IN A SYSTEM OF TWO QUBITS

To calculate the input—output density matrix and the
corresponding amount of compatible information for
specific physical systems, one should employ the tech-
nique of calculations described in [9, 18]. A channel
defined in the form (6), which is symmetric with
respect to the input and output, involves both a purely
guantum information exchange by means of quantum
entanglement and exchange through classical correla-
tions between the input and output. Some internal cor-
relations between the input and output that would be
inherent in the measurement procedure described by

the POVM E (da) O E (dB) are absent by definition.

GRISHANIN, ZADKOV

Correlations may be only due to a qguantum entangle-
ment and/or classica input—output correlations,

described by the two-body density matrix Pag -

Below, we will consider a physical example of an
information systemillustrated in Fig. 1. Coherent infor-
mation for achannel involving aradiatively stable qubit
and the photon field was calculated in [18]. It is appro-
priate to start the analysis of compatible information by
considering a simpler information subsystem, where
guantum information is not transformed into the photon
field, but is stored in the form of radiatively stable
qubits of two A systems. The output Q' of agiven chan-
nel then coincides with the input Q, and the density

matrix Pag describes the joint state of two qubits gen-

erally corresponding to an entangled state. Physical
methods for the creation of such states are currently in
the stage of intense development [22]. As for the con-
sidered generalized measurements, their physical real-
ization is only guaranteed by the existence of their rep-
resentation in the form of a standard quantum-mechan-
ical measurement in the relevant extended space of
states, and it istoo early to discuss some specific meth-
ods of physical implementation of such measurements.
Because of thisreason, the practical meaning of thecal-
culated compatible information is not reduced to the
possibility of using this information to transmit large
arrays of arbitrary messages, asit isusually the casein
classical theory [6]. However, being related to the clas-
sical input—output information stored in aquantum sys-
tem, this quantity, similar to the classical theory, retains
its significance as the most universal quantitative char-
acteristic of the information on the results of measure-
ments at the input obtained from the results of measure-
ments at the output, defining the correlation degree of
these results. Moreover, even in the absence of mea
surements, this information characterizes the correla-

tion degree for the values of any physical variables A

and B at the input and output defined by operators in
the spaces of states H, [0 H; and Hg O H, of the input
and output supplemented with other independent
degrees of freedom.

Of fundamental importance is the consideration of
variables of a special type—nonselective variables.
Such variables are described by operatorsin acompos-
ite space H, 00 H; (Hg O H,) having a nondegenerate
spectrum and sets of the relevant orthogonal eigenfunc-
tions ||all] which mutually uniquely correspond to all
the wave functions |a[Cof theinitial space. These eigen-
functions describe the corresponding entangled states
in H, O H;. Note that, if necessary, the supplementary
space H; should be infinitely dimensional, while the
above-specified eigenfunctions should be nonnormal-
izable. If the state |ALin the supplementary subset H; is
chosen in such a way that the projection of functions
[|aon this state yields the corresponding wave func-
tion |a= [A||all) then the above-specified orthogonal
basis of entangled states uniquely correspondsto all the

LASER PHYSICS  Vol. 11
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Fig. 2. Dependence of unselected information (of the Alice-Bob type [5]) on the entanglement parameter for (a) a pure entangled

stateformed by two mutually orthogonal basis stateswith theweightsg/ /2 and /1 — q2/2 and (b) amixed state formed by atotally
entangled pure state taken with the weight g and a mixed state taken with the weight equal to 1 — g and composed of two equally
weighted pure statesin theform of tensor products of orthogonal basis statesin such away that the partial input and output entropies

areequal to 1 bit for all g.

nonorthogonal wave functions |alJ Thus, this basis
equivalently represents the quantum uncertainty inher-
ent in a nonorthogonal set of al the wave functions |ald
in the form of acompletely equivalent statistical uncer-
tainty that arises when only the variables of the initial
set H,, are considered and that bel ongsto the orthogonal
basis, i.e, a set of classically compatible events —
entangled states of the composite system. Thus, a com-
plete ensemble of incompatible quantum events is
replaced by a set of compatible entangled states in an
extended system. The mean values of nonselective
input and output variables are expressed through the
joint input—output probability distribution P(da, dp),
where all possible input and output states, in fact, serve
as arguments. It is this consideration that is most ade-
guate to the needs of quantum computations and cryp-

tography.

4.1. Unselected |nformation

As an example, we will analyze the dependence of
the unsel ected information on the type of the joint den-
sity matrix and its main parameter, determining the
entanglement degree, for the cases of pure and mixed
states.

(a) A pure state is defined by the wave function

PR(A) = IWas(q) W ap(a)l,

9 o (7)
ﬁIHQ

with an entanglement parameter g. For the limiting val-
ues g = 0 and 1, this wave function gives, respectively,
atensor product and atotally entangled state.

2
Was(e) = ,[1- T 1010
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(b) A mixed state is defined by the density matrix

A(m)

PR = - FAmm + Jppme

+Q[Was(1) MY pp(L)]-

For two limiting values g = 0 and 1, we arrive, respec-
tively, at amixed statewith purely classical correlations
and a pure totally entangled state.

The results of calculations for the unselected infor-
mation are presented in Fig. 2. The maximum value
I, =0.27865 bit is achieved for atotally entangled state
and coincides with the amount of accessible informa-
tion [23], calculated in [13]. The accessihility of infor-
mation isunderstood in this context as the possibility of
associating the information distinguishable against the
background of quantum uncertainty with the set of all
possible quantum states.

4.2. Selected Information

Selected information in a system of two qubits was

calculated with the use of measurements Ex and Eg
resulting from a combination of two types of measure-

ments: unselected measurements E (do) and E (dp)

and orthoprojector measurements £, and U™ EU,

which correspond to a complete measurement of quan-
tum states. Correspondingly, we have

Ea(a) = (1-x)Ea(da), Ea(k) = xEi,
Es(B) = (1-x)Es(dB), Es(l) = xUTEU.

Here, k | = 1, 2; Ex = |KIK|; and U describes the rota-
tion of the wave function of the second qubit specified
in the form of a transform U(8) = exp(i6,9 /2),

9)
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Fig. 3. Dependence of selected information in asystem of two qubits on the selectivity degree x and the relative orientation of selec-
tive measurements§ (a) in the absence of entanglement in the case of aquasi-classical information relation, g =0, and (b) for apure

entangled state, q = 1.

Fig. 4. Dependence of selected information in a system of two qubits on the selectivity degree x and the entanglement parameter q:
(a) for aparallel orientation of selective measurements, § = 0, and (b) for a crossed orientation of selective measurements, 3 = 172.

depending on the rotation angle 9 and defined by this
expression in the basis |k[] which is an eigenbasis for

POVMs E of the first qubit. Discrete results of mea-
surements at the output, k, I, supplement continual
results a and 3, which corresponds to new variables
with an extended spectrum of values. a=a, kand b =
B, I. In other words, we measure variables with a com-
bined spectrum of values, involving discrete and con-
tinuous components, including the continuum of al the
wave functions and the selected orthogonal two-dimen-
sional basis. The density matrix is written in the form
of Eq. (8). The joint probability distribution is written

as P(da, db) = Trpag[Ea(a) O Es(b)] and is repre-
sented by the components

P(da, dB) = (1—X)’[8( [P sl [dadp,

P(k, 1) = XK 0| agll 0K

P(da, 1) = x(1-x)|Dpael o [dar,

P(k, dB) = x(1—x) X DB|paslBOkp.

Here, the terms P(da, |) and P(k, dB) correspond to
information exchange between the discrete and contin-
ual results of measurements of the first and second
qubits. Keeping in mind Egs. (8) and (9), we have three
parameters here: the selectivity degree, 0 = x = 1, of the
combined measurement under consideration; the rela-
tive orientation of orthoprojector measurements, 0 =
9 = 172, with limiting values corresponding to the par-
allel and crossed orientations of orthogonal bases of the
first and second qubits; and the entanglement parame-
ter, 0 = g = 1. The corresponding dependences are
shownin Figs. 3 and 4.

Theresults of our analysis can be summarized inthe
following way, as can be seen from these plots. A non-
optimal orientation, 9 = 172, lowers the amount of
selected information, down to zero with x = 1, if there
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exists a nonzero contribution of the selective measure-
ment, i.e., if X > 0. For x > 0, the dependence of the
information amount on the entanglement parameter qis
not very significant. The maximum of information, I, =
1 bit, isachieved for the selectivity degree x = 1.

5. CONCLUSIONS

Compatibleinformation isaunified characteristic of
a quantum channel, which includes both purely classi-
cal and specifically quantum correlations in the spaces
of input and output states. This concept is applicableto
the description of information channels where the
guantum entanglement of states does not change the
structure of the space of states of an information system
as a tensor product of the spaces of input and output
states. The most general properties of compatibleinfor-
mation described in this paper can be summarized in
the following way.

The amount of unselected information, which is
based on the consideration of all possible nonorthogo-
nal input and output states, is independent of local
transformations. However, selected information, which
is based on incompl ete sets of quantum states, substan-
tially depends on local transformations at the input and
output.

The reduction of POVMs corresponding to the
replacement of unselected measurements by complete
measurements leads to the increase in information
amount only if the input and output are correlated in an
appropriate way. Thisis dueto the presence of an a pri-
ori information, which is, in fact, employed at the out-
put if information selection is matched with the input
and the state of the channel.

In the case of two qubits with no quantum entangle-
ment and fully classical correlationsrelating theindices
of orthogonal input and output states, the amount of
unselected information isnegligibly small, I, = 0.086 bit.
However, for atotally entangled input—output state, this
amount is much larger, 1, = 0.278 bit, which character-
izes also the information accessible in each of the
qubits involved in information exchange. The 1-bit
maximum of selected information and its zero mini-
mum are achieved for a discrete orthoprojector mea-
surement, with the maximum corresponding to a paral-
lel orientation of quasispins related to input and output
gubits and the minimum being achieved with a crossed
TU2 geometry.
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