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Abstract The results of frequency-modulation (FM) spectroscopy of coherent dark resonances from the Zeeman sublevels of the transition F = 2 ↔ F = 1 of D1 line in absorption of 87 Rb atoms are presented and discussed in detail. By
contrast with the conventional spectroscopy of coherent dark
resonances employing two laser beams, relative frequency
of which can be varied, these data has been obtained with
the help of a single frequency-modulated laser field. Variation of the modulation frequency plays then a similar role as
the variation of the relative frequency in conventional spectroscopy. Experimental data are fit to the theoretical calculations, which are based on the theory of FM spectroscopy
of coherent dark resonances recently developed by us. Feasibility of using such experimental technique for accurate
measurements of magnetic fields is also discussed.
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1 Introduction
The coherent population trapping (CPT) is one of the most
intriguing quantum interference phenomena that can be
most vividly seen in a three-level system in Λ-configuration.
In this system, if two monochromatic pumping fields are
tuned into the resonance with the respective transitions,
all the population is captured in the coherent superposition of two low-lying levels, which gives the name of
the phenomenon—coherent population trapping [1]. This
means that the media of such three-level atoms under CPT
will not emit fluorescence and do not absorb photons. In absorption spectra, it is revealed as a narrow sharp dip in the
absorption profile while scanning frequency of one of the
pumping laser fields. These resonances are called the coherent dark resonances. Due to the rather small spectral width
of the dark resonances, they found applications in precision
spectroscopic applications, such as metrology [1], magnetometry [2], and highly-sensitive laser interferometers for
registration of gravitational waves [3]. CPT phenomenon
lies also in the foundation of the lasers without inversion
[4]. CPT is also widely used in research related to cooling
of atoms and molecules [5] and optical bistability, as well
as in research on engineering of quantum states, in quantum information, and in quantum communication (see, for
instance, [6, 7]). Among all these applications are the feasibility studies of using the coherent dark resonances spectroscopy in a vapor of alkali atoms as a prototype of the
sensitive magnetometers. Alkali-based optical magnetometers are widely used now for precision measurement of the
magnetic fields in a wide dynamical range (up to mT) and
provide sensitivity on the level of a few fractions of nT (see,
for instance, [8]). Such magnetometers can also be used for
measurements of the magnetic field of the Earth, laboratory
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fields, fields in the medicine including performance of optical magnetic cardiography [9] and in a number of important
fundamental research projects (i.e., in experiments on the
search of an electrical dipole moment of a neutron [10]).
Along with conventional spectroscopy of coherent dark
resonances, which employ two laser fields, one can use also
FM-spectroscopy that employs interaction of the atomic system with single frequency modulated laser field. Optical
FM spectroscopy, which methods started to be developed
in the beginning of 1980s, plays nowadays one of the central roles in high-precision measurements in such fields of
physics as detecting the gravitational waves, frequency standards, measuring of the weak magnetic fields, etc. (see the
review [11]). Despite significant progress in development
of optical FM-spectroscopy techniques, theoretical models
were elaborated and studied in detail only for the two-level
systems, which allow analytical solutions. Even interaction
of a three-level system with FM laser field was not considered theoretically till our recent works [12, 13], though interaction of such systems with bichromatic laser radiation
has been studied in detail. In magnetic fields, situation is
even more complicated because the atomic structure significantly enriches due to the lifting of the degeneracy of the
atomic levels. This require special theoretical consideration.
On experimental side, there is only one publication of the experimental results on the FM spectroscopy of coherent dark
resonance in a vapor of Cs atoms [14]. However, detailed
comparison of the experimental data published in this work
and theoretical calculations is not feasible because the authors determined the FM index indirectly, from analysis of
the spectra of coherent dark resonances themselves.
In this work, we made a detailed analysis and comparison of experimental data obtained with the FM laser spectroscopy for the D1 line in 87 Rb atoms and theoretical calculations based on the model described in [12, 13]. For this,
our simple model was extended on the case of a real multilevel atom. In experiment, we measured dark resonances
at the Zeeman sublevels of the transition 52 S1/2 (F = 2) ↔
52 P1/2 (F = 1) in transmission spectra in the constant magnetic field. Simultaneously, the FM index was measured
with the help of Fabri–Perot interferometer. FM spectra are
registered either (i) by scanning the modulation frequency
at the fixed magnetic field or (ii) by scanning the strength of
the magnetic field at the fixed modulation frequency. Spectra
obtained both these ways are in a good agreement with the
theoretical model. Feasibility of using FM spectroscopy of
dark resonances for optical magnetometry is also discussed.
The estimated resolution for measuring a magnetic field B
in the range 10 G to 100 G is equal to σB /B ≈ 7 × 10−6 for
the measuring time τ = 3 ms in a cell of Rb atoms with a
buffer gas. We also evaluate a working range for the magnetometer.
The paper is organized as follows. In Sect. 2, we briefly
outline the basics of the coherent population trapping phe-

nomenon. Section 3 defines the basics of the FM spectroscopy of the coherent dark resonances, theoretical model
of which is discussed in Sect. 4. Experimental part of the
work is described in Sect. 5, whereas theoretical modeling
of obtained in experiment spectra and their detailed comparison are given in Sect. 6. Feasibility of using FM spectroscopy of coherent dark resonances for magnetometry is
discussed in Sect. 7. In conclusion, we summarize key results of our work.

2 Coherent population trapping phenomenon
The coherent population trapping phenomenon (CPT) can
be most vividly seen in a three-level system in so called
Λ-configuration (Fig. 1), which contains of two low-lying
long-lived levels |1 and |2, dipole transition between
which is strongly forbidden, and a third distant level |3,
which is coupled with the two others by two cw laser fields.
Let us assume that the transition |1 ↔ |2 is strictly forbidden in dipole approximation and two monochromatic
pumping fields E1 exp(−iωL1 t − iϕ1 ), E2 exp(−iωL2 t −
iϕ2 ) are tuned into the resonance with the respective transitions |1 ↔ |3, |2 ↔ |3. Due to the quantum interference at the zero Raman detuning δR = ωL1 − ωL2 − ω12
all the population in the Λ-system is captured in the coherent superposition of two low-lying levels [15, 16]. This
means that the media of such three-level atoms under CPTcondition will not emit fluorescence (because the population of the excited state goes to zero under the CPT and the
fluorescence signal is proportional to it) and do not absorb
photons, as well. Therefore, in absorption spectra, CPT is revealed as a narrow sharp dip in the absorption profile while

Fig. 1 Λ-system driven by two laser fields E1 (t) and E2 (t). Here δL
is the one-photon laser detuning at the transition |1 ↔ |3 and δR is
the two-photon Raman detuning

Frequency-modulation spectroscopy of coherent dark resonances in 87 Rb atoms

scanning one of the pumping laser fields, for instance, with
the frequency ωL1 . These resonances are called the coherent dark resonances as the media (atomic vapor) does not
fluoresce under the CPT. Another side of the same phenomenon is that under the CPT the media shows so called
electromagnetically-induced transparency (EIT) [17, 18].
For precision measurements it is important that the spectral
width of these resonances is rather small and can achieve
dozens of Hz in experiments with Cs atoms in a buffer gas
at room temperature, see for instance, [19, 20].
In a simple three-level model that allows calculations in
an analytical form, CPT phenomenon was understood and
studied in detail in a review by Arimondo [16]. However,
real atoms (especially in experiments with applied magnetic
fields) are essentially multilevel systems and require therefore correct theoretical treatment beyond simple three-level
approximation. In [21, 22], a specific case of alkali atoms
in the limit of high buffer gas pressure, which allows to neglect the Doppler effect, was considered in detail. A universal theory, which allows correct description of N -level atom
under any configurations of pumping electric and magnetic
fields and takes into account the Doppler effect, has been
suggested and verified by us earlier [23]. Here we will focus
on a different experimental technique for registering spectra
of the coherent dark resonances—FM spectroscopy. In the
next section, we will consider how the coherent dark resonances are formed in the FM-spectroscopy on example of
Rb atoms.

3 FM spectroscopy of coherent dark resonances in Rb
atoms
By contrast with conventional spectroscopy of coherent dark
resonances, which employ two laser fields, interaction of
a three-level, for example Λ-system, with FM laser field
essentially complicates the structure of the spectra leading
to many additional resonances [12]. Besides that, complex
Zeeman levels structure in real atoms significantly complicates the picture [23].
Talking of FM spectroscopy of coherent dark resonances,
we need to distinguish between two different cases, low- and
high-frequency modulation of the incident laser field.
The low-frequency FM spectroscopy is used in the case
when FM-field excite only transitions from a single hyperfine sublevel, i.e., Fg = 2, where F is the quantum number
of the entire atom’s momentum. Here and further on, the
lower indices g and e indicate that the value they stay at
is related to the lower/upper levels of the transition, correspondingly. The resonance frequency is defined by the magnetic field and selected transition. For example, for the transition Fg = 2 → Fe = 1 in D1 line of 87 Rb (Fig. 2) and
magnetic field strength of 10 G, the modulation frequency is
about 14 MHz.

Fig. 2 Structure of the D1 line in 87 Rb atom. The levels of the working transition Fg = 2 → Fe = 1 are split in the applied magnetic field
into 2F + 1 sublevels each. The pairs of Zeeman sublevels of the
ground state mF = 2 and those of excited state form a chain of three
Λ-systems

The high-frequency FM spectroscopy is used for excitation the dark resonances at simultaneous excitation of two
hyperfine sublevels Fg = 1 and Fg = 2. Frequency modulation in this case is equal to the half of the hyperfine splitting
value, i.e., approximately 3.4 GHz for Rb atom.
Therefore, one can consider two different configurations
for FM spectroscopy of the dark resonances:
– Dark resonances at the Zeeman sublevels of the ground
state, where |1 and |2 are the Zeeman sublevels of
the same hyperfine ground component. In the case when
laser field is linearly polarized, transitions from levels
|1 = |Fg , mF  and |2 = |Fg , (mF + 2) onto the excited
level |3 = |Fe , (mF + 1) are possible, where Fg = 2 and
Fe = 1 (see, e.g., [24]);
– Dark resonances at the levels of the hyperfine structure of
different ground states, where |1 and |2 belong to two
different hyperfine ground levels, so that |1 = |Fg = 1
and |2 = |Fg = 2. This case corresponds to the conventional spectroscopy of dark resonances in a Λ-system interacting with two pumping resonant fields (see, for instance, [14, 25]).
In this work, we focus at investigation of the interaction
of FM laser field with a set of Zeeman sublevels in 87 Rb
atom at transition 5S1/2 (Fg = 2) → 5P1/2 (Fe = 1) (Fig. 2).
This specific transition is chosen because the hyperfine sublevels of the excited level for this transition can be resolved
in experiment on a Doppler-broadened profile, which allows
investigation of this specific transition in a cell with atomic
vapor at room temperature. Moreover, this transition ensures
the highest contrast of the dark resonances at the Zeeman
sublevels [26, 27].
Levels Fg = 2 and Fe = 1 are split in a magnetic field
into 2F + 1 sublevels each. Then, the pairs of Zeeman sublevels of the ground state Fg = 2 with mF = 2 (mF is the
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magnetic quantum number) and those of the excited state
Fe = 1 form a chain of three Λ-systems. In the following,
we will assume that the atomic vapor is located in the weak
and homogeneous magnetic field.
Modulation of the incident laser field is carried out by
the modulation of the laser diode current at the frequency
Ωmod , which obviously leads to both amplitude modulation
(AM) with the modulation index R and frequency modulation (FM) with the modulation index M. In the case of
harmonic modulation, the incident laser field can be written
as:


E(t) = E0 1 + R sin(Ωmod t + Ψ )


× exp i(ω0 t + M sin Ωmod t) + c.c.
=

+∞


E0 
an exp i(ω0 + nΩmod )t + c.c.,
2 n=−∞

(1)

4 Theoretical model
4.1 Key equations

where Ψ is the relative phase between the frequency and amplitude modulation and coefficients an in the Fourier series
are expressed via the Bessel functions Jn (M) as
R
R
an = Jn (M) − i Jn−1 (M)eiΨ + i Jn+1 (M)e−iΨ .
2
2

(an integer number). Experimentally, dark resonances are
observed either when one changes the modulation frequency
at the fixed magnetic field magnitude or at the fixed modulation frequency by varying the magnetic field [12, 13].
As we mentioned earlier, modulation of the laser diode
current causes both FM and AM of the incident laser field.
The index of amplitude modulation R in our experiment
does not exceed 0.025 (see Sect. 5). In this case, taking into
account additional small amplitude modulation does not significantly change the structure of the dark resonances spectrum, slightly affecting the amplitudes of the resonances.
From now on, when we talk of the FM field, we always assume that the amplitude modulation is also taken into account in all our calculations.

(2)

The incident laser field spectrum is modified when the
modulation index M and/or the modulation frequency Ωmod
is changed. When Ωmod is fixed, increasing the modulation
index leads to the increase of the number of resonances in
the resulting spectrum, which are separated by Ωmod [12].
Due to the interaction of the Λ-system with the FM-field
each pair of the field spectrum components gives its own
contribution to the dark resonance, which is formed when
the frequency difference is coincide with the Zeeman splitting ω12 of the ground state, as it is shown in Fig. 3. Therefore, the spectrum is enriched with additional dark resonances called the high-order resonances. They will appear
only if ω12 = kΩmod , where k is the order of the resonance

Temporal dynamics of a quantum system is governed by the
following master equation:
i
ρ̂˙ = − [Ĥ , ρ̂] + Lrelax ρ̂,


(3)

where the first term in the right-side of the equation describes the reversible dynamics of the system with the
Hamiltonian Ĥ , and the second term describes non-reversible dynamics due to the stochastic interaction of the system with the reservoir, which is defined by the relaxation
superoperator Lrelax . Under the assumption that the relaxation is Markovian, this superoperator can be represented in
the form of averaged over the reservoir’s noises ξ̂ dynamics
of the system–reservoir.
In a general form, the relaxation superoperator can be
written as a sum of two terms:
Lrelax = Lr + Le ,

(4)

where Lr and Le are the superoperators of radiative decay
and of elastic dephasing, respectively.
The radiative decay superoperator has the form:

 
1
Lr =
(5)
γkl P̂lk  P̂kl − [P̂kk , ]+ ,
2
kl

Fig. 3 Forming coherent dark resonances in case of Λ-system interacting with the FM laser field. All possible pairs of the field components take part in forming the resonance structure, out of which only
two of them are show in the figure for simplicity. Solid arrows indicate
two field components with the frequency difference Ωmod , which take
part in forming the dark resonance at the frequency Ωmod , whereas
dashed arrows indicate two field components with the frequency difference 2Ωmod , which take part in forming the dark resonance at the
frequency 2Ωmod

where the two-dimensional array γkl contains the spontaneous decay velocities for k > l and the pumping rates for
k < l.
The elastic dephasing superoperator can be represented
as the following sum:


kl
Le =
Lkl
in + Lex
k<l
kl ˆ
[Ikl , ]2 ,
= −Γinkl (P̂kk  P̂ll + P̂ll  P̂kk ) − Γex
kl are the dephasing rates.
where Γinkl and Γex

(6)
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Solving the set of (3) for the specific problem, one can
calculate, for instance, an absorbtion spectrum of the driven
Λ-system.
Previously, we elaborated two methods for calculation of
the temporal dynamics of the dark resonances spectrum formation and the resulting absorption spectrum [12, 13]. In
this section, we will limit ourselves by considering a separate three-level Λ-system interacting with the incident FM
laser field, as a model, in order to elucidate most essential features of this interaction. Further generalization of this

⎛

0
Ĥ = ⎝
0
e−iΔ(t) g13 (1 + Δ (t))

0
−ω12
e−iΔ(t) g23 (1 + Δ (t))

Δ (t) = R sin(Ωmod t).

(8)

Inserting the expression for Lrelax (ρ) in the form of (4)
into (3), we will have the following set of differential equations:
ρ̇11 (t) = −μ12 ρ11 (t) + γ21 ρ22 (t)



+ i e−iΔ(t) g13 1 + Δ (t) ρ13 (t)



− eiΔ(t) g13 1 + Δ (t) ρ31 (t) + γ31 ρ33 (t),

ρ̇12 (t) = −Γ12 ρ12 (t) + i −ω12 ρ12 (t)


+ e−iΔ(t) g23 1 + Δ (t) ρ13 (t)



− e−iΔ(t) g13 1 + Δ (t) ρ32 (t) ,



ρ̇13 (t) = −Γ13 ρ13 (t) + i eiΔ(t) g13 1 + Δ (t) ρ11 (t)


+ eiΔ(t) g23 1 + Δ (t) ρ12 (t)



+ δL ρ13 (t) − eiΔ(t) g13 1 + Δ (t) ρ33 (t) ,

ρ̇21 (t) = −Γ21 ρ21 (t) + i ω12 ρ21 (t)


+ e−iΔ(t) g13 1 + Δ (t) ρ23 (t)



− eiΔ(t) g23 1 + Δ (t) ρ31 (t) ,
ρ̇22 (t) = μ12 ρ11 (t) − γ21 ρ22 (t)



+ i e−iΔ(t) g23 1 + Δ (t) ρ23 (t)



− eiΔ(t) g23 1 + Δ (t) ρ32 (t) + γ32 ρ33 (t),

4.2 Absorption spectra calculation for a Λ-system
interacting with the FM-field
The interaction Hamiltonian of the Λ-system with an incident FM laser field (1) has the form:

⎞
eiΔ(t) g13 (1 + Δ (t))
eiΔ(t) g23 (1 + Δ (t))⎠ ,
δL

where gk3 = −dk3 Ek / (k = 1, 2) are the Rabi frequencies, determined through the corresponding dipole moments
dk3 = −e k|r|3; δL = ω0 −ω13 is the one-photon detuning
from the resonance, and ω12 is the frequency splitting of the
ground state; Δ(t) and Δ (t) are determined by the amplitude and frequency modulation, respectively:
Δ(t) = M sin(Ωmod t),

model on a multilevel system, for instance, a chain of the Λsystems forming by the Zeeman sublevels in applied magnetic field (Fig. 2), can be routinely done with the help of
numerical modeling.


ρ̇23 (t) = −Γ23 ρ23 (t) + i g13 ρ21 (t)


+ eiΔ(t) g23 1 + Δ (t) ρ22 (t)

(7)

(9)

+ δL ρ23 (t) + ω12 ρ23 (t)



+ eiΔ(t) g23 1 + Δ (t) ρ33 (t) ,



ρ̇31 (t) = −Γ31 ρ31 (t) + i −e−iΔ(t) g13 1 + Δ (t) ρ11 (t)


− e−iΔ(t) g23 1 + Δ (t) ρ21 (t)



− δL ρ31 (t) + e−iΔ(t) g13 1 + Δ (t) ρ33 (t) ,



ρ̇32 (t) = −Γ32 ρ32 (t) + i −e−iΔ(t) g13 1 + Δ (t) ρ12 (t)


− e−iΔ(t) g23 1 + Δ (t) ρ22 (t)
− δL ρ32 (t) − ω12 ρ32 (t)



+ e−iΔ(t) g23 1 + Δ (t) ρ33 (t) ,



ρ̇33 (t) = i −e−iΔ(t) g13 1 + Δ (t) ρ13 (t)


− e−iΔ(t) g23 1 + Δ (t) ρ23 (t)


+ eiΔ(t) g13 1 + Δ (t) ρ31 (t)



+ eiΔ(t) g23 1 + Δ (t) ρ32 (t)
− (γ31 + γ32 )ρ33 (t),
where Γ12 = Γ21 = 0.5(γ21 + μ12 ), Γ13 = Γ31 = 0.5(γ31 +
γ32 + μ12 ), Γ23 = Γ32 = 0.5(γ21 + γ31 + γ32 ); γ31 , γ32 , and
γ12 are the spontaneous decay rates, μ12 is the pumping rate
of level |2. By solving this set of equations, one can calculate the temporal dependence of the excited state population n3 (t) and the absorption spectrum of the driven Λsystem.
In reality, however, there exists an additional decay
channel from level 52 P1/2 , Fe = 1 onto the level 52 S1/2 ,
Fg = 1, decay rate of which we will designate as γ (Fig. 2).
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With this additional decay channel taken into account,
our system becomes a four-level one. The Hamiltonian

of such a system interacting with the FM-field has the
form:

⎞
0
0
0 eiΔ(t) g13 (1 + Δ (t))
⎜
0
−ω12
0 eiΔ(t) g23 (1 + Δ (t))⎟
⎟,
Ĥ = ⎜
⎠
⎝
0
0
0
δL

−iΔ(t)

−iΔ(t)

e
g13 (1 + Δ (t)) e
g23 (1 + Δ (t)) 0
δL
⎛
⎞
0
0
κ − γ243 ρ14 (t)
γ41 ρ44 (t)
⎜
⎟
0
κ − γ243 ρ24 (t)
0
γ42 ρ44 (t)
⎟,
Lrelax = ⎜
⎝
⎠
0
0
0
γ43 ρ44 (t)
0
−γ41 − γ42 − γ43 ρ44 (t)
κ − γ243 ρ14 (t) κ − γ243 ρ24 (t)
⎛

where κ = −G − γ241 − γ242 .
Substituting the expression for Lrelax (ρ) in the form (11)
into (3) with the Hamiltonian (10), we get a set of 16 differential equations. Calculated absorption spectra for the vapor of 87 Rb atoms are shown in Fig. 4 for different de-

0.08
0.07
0.06
0.05

absorption, a
.u.

0.09

(10)

(11)

cay rates γ . These calculations have been made for g12 =
g13 = 1 a.u., M = 4, G = 10 a.u., γ31 = γ32 = 1 a.u., and
ω12 /2π = 20 a.u., where a.u. = 1 MHz.
For convenience in further comparison with experimental data, Fig. 5 also shows the derivatives of the calculated absorption spectra with respect to the frequency Ωmod .
Shown dependencies demonstrate that the overall absorption is reduced and relationship between the amplitudes of
the resonances is changed with increasing the decay rate.
For example, at γ = 0 (Fig. 5) the relationship of the amplitudes of the resonances at the frequencies Ωmod = ω12
and Ωmod = ω12 /2 is approximately equal to 1:1, whereas
at γ = 0.5 (Fig. 5) it corresponds to 3:1.
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5 Experimental setup for the FM spectroscopy of
coherent dark resonances
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Fig. 4 Calculated absorption spectrum of FM laser light in a cell with
Rb vapor versus the modulation frequency for different decay rates γ
from level 52 P1/2 , F = 2 onto the level 52 S1/2 , F = 1 equal to 0, 0.1,
0.2, 0.3, 0.4, and 0.5

Fig. 5 Derivative of the
absorption spectra shown in
Fig. 4 with respect to the
frequency Ωmod

An experimental setup for FM spectroscopy of coherent
dark resonances is shown in Fig. 6 [28]. Laser radiation from
a diode laser with an external resonator (λ = 795 nm) assembled by Littrow scheme is frequency modulated by modulation of the laser diode current. A frequency synthesizer
SML-03 (Rohde&Schwarz) serves as the radio-frequency
oscillator, which modulates laser frequency in the range
Ωmod = (2–100) MHz. Modulation index can be varied by
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varying the level of the oscillator’s signal. Laser beam passes
then through the optical isolator and guides to the sample
cell with the help of a single-mode optical fiber, which forms
the Gaussian spatial mode of the radiation with diameter
4.5 mm at the level 1/e. Part of the laser beam is also used
for controlling the wavelength and mode composition of the
radiation by a wavemeter and a scanning interferometer (a
free spectral range R = 630 MHz, finesse F 10). This interferometer does not allow resolving the spectral components of the FM-spectrum, however, gives a rough estimate
of the modulation index from the broadening of the transmission peaks.
Besides this rough estimate of the modulation index, we
also measured it with the help of a high-resolution interferometer. For this, the light was guided by the optical fiber in
a more high-Q Fabri–Perot interferometer (length is about
50 cm, the input mirror is a plain one, the output mirror is the
concave one with the radius 1 m) (Fig. 6). The interferometer (R = 300 MHz and F 400) allows registration of the
FM light spectrum with resolution of about 1 MHz. In order
to obtain spectrum of the laser field, one has to apply a periodical saw-toothed signal at the piezoceramic plate controlling position of the diffraction grating of the external laser
resonator. This leads to the periodical, linear in time variation of the laser frequency generation.1 The photodiode at
the exit from interferometer measured the transmitted light
power. The registered dependency of the photodiode voltage vs time reflects the dependency of the intensities of the
different modes in the FM-spectrum from their frequencies.

Fig. 6 Scheme of experimental setup: high-frequency generator (1),
low-frequency generator (2), reference signal (3), lock-in detector (4),
lambda-meter (5), polarization beamsplitters (6), scanning interferometer (7), photodiodes (8), digital oscilloscope (9), semiconductor
laser with external cavity (10), optical isolator (11), optical fiber (12),
cell with Rb vapor (13), interferometer (14), personal computer (15).
Half-wave plates in front of the polarization beamsplitters 6 are not
shown
1 Note that during measurement of the FM index M

of the coherent dark resonances spectrum.

we stop registration

For the measured experimentally spectrum, we then fit the
value of M at which the calculated spectrum has the same
intensities relation as in the experimental spectrum.
Examples of both experimental and calculated FM spectra for various values of M are given in Fig. 7. Direct
measurements of the laser diode radiation dependency versus time with the help of a photodiode with the frequency
range 200 MHz show that the amplitude modulation index
R does not exceed the value of 0.025. Therefore, as we
stated before, the additional amplitude modulation just insignificantly affects the amplitudes of the coherent dark resonances.
It is worth to note that at the constant voltage at the generator, which modulates the laser diode current, FM index
depends on the modulation frequency. Typical dependence
is shown in Fig. 8. Sharp growth of M at the modulation
frequency below 20 MHz is most probably due to the existence of the resonance in a laser diode current circuit. Solid
line in the figure corresponds to the fit with the following
approximation function:

B
M = A/ Ωmod /(2π × 1 MHz) ,

(12)

where A and B are the approximation parameters.
In an applied magnetic field, upper and low levels of the
considered transition in Rb are split into 3 and 5 magnetic
sublevels, respectively (see Fig. 2). In the case of a weak
magnetic field, optical field is still in resonance with the onephoton atomic transitions for all values of magnetic quantum
numbers mF and splitting of the upper level plays no essential role in forming the CPT states, whereas splitting of the
lower level leads to the forming of three Λ-systems. In the
case of the linear Zeeman effect, splitting of the lower levels
for all three systems is the same, and only one resonance is
observed in the experiment. By increasing the intensity of
the magnetic field, quadratic Zeeman effect comes into play
and leads to the broadening and then to the splitting of this
resonance into three [29].
The sample cell with the vapor of Rb atoms is located
along the solenoid axis, the latter supplied with additional
winding at the edges for improving the field homogeneity.
The solenoid itself is located under the two-layer magnetic
insulation. The latter ensures the residual field at the level
less than 10 mG. Intensity of the light transmitted through
the cell is registered by a photodiode. The cell can be heated
within the range of 30–70◦ C to ensure an essential absorption at the resonance line.
In order to raise the signal to noise ratio at the registration of the dark resonances, the modulation frequency is additionally modulated with the frequency f = 10 kHz in the
range fdev =(5–500 kHz) and then lock-in detection is used
at the frequency f . The parameters of such additional modulation have been optimized in a way that the registered resonances have minimal width at the maximum contrast. With

Y.V. Vladimirova et al.
Fig. 7 Experimental (a), (b)
and corresponding theoretical
(c), (d) spectra of FM radiation
for M = 1.2–6.25. All plots are
normalized to 1 in their
maximum

Fig. 8 Typical dependence of the FM modulation index M of the
semiconductor laser radiation vs the modulation frequency Ωmod . The
amplitude of the generator voltage, which creates modulation of the
laser diode current, was maintained constant. Solid line shows approximation by the function M = A/(Ωmod /(2π × 1 MHz))B , where
A = 1.7(6) × 102 and B = 1.21(14) are the approximation parameters

this, the value fdev is on the order of the resonance width.
Dark resonances have dispersion form because at the exit of
the lock-in detector a signal is formed that is proportional
to the frequency derivative from the spectral response of the
atomic system. This, however, is valid only until the spectral spacing between dark resonances of the nearest order k

and k + 1 is bigger than the value k × fdev , which defines
the swings range of the difference frequency of all the mode
pairs in the incident spectrum of the laser field that excite the
resonance of the order k. For large values of k of a pair of
modes, a few resonances of the higher order will be excited
simultaneously, which will lead to increasing their amplitudes in the registered spectrum.
This is, however, valid only until the frequency shift in
between the CPT-resonances of the neighboring orders k
and k + 1 equal to ω12 /k 2 remains larger than the value of
k × fdev , which defines the characteristic amplitude of the
difference frequency sweep of the pair of modes in the laser
spectrum that excite the resonance of the kth order. For large
values of k, one pair of modes will excite several resonances
of the higher orders simultaneously, which will lead to the
change in their amplitude. The maximal order of the experimentally registered resonance for which one can use the
theoretical model developed by us is given by the following
relationship:


ω
Ωmod
12
=
.
(13)
kmax ≈ 3
fdev
fdev
Two different sample cells containing Rb vapor were
used in the experiments. The first (we will call it the “vacuum” cell) is 20 cm in length and contains pure Rb vapor;
residual vacuum is not less than 10−2 mbar. It was used for
testing the theoretical model suggested by us. In this cell,
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spectral width of the upper level (6 MHz) becomes less than
the typical modulation frequency Ωmod and each mode of
FM-field selectively excites the resonance transitions of the
respective velocity groups, which allow us not to take into
account interference of the Zeeman sublevels of the system,
and significantly simplify the calculations.
The width of the coherent dark resonances essentially depends on the buffer gas pressure [21, 27, 30]; therefore, for
the registration of such narrow resonances (for the magnetometry purposes), we used another cell with the buffer Kr
gas (in the following we will simply call it the “buffer cell”)
with the buffer gas pressure of about 70 Pa measured at the
cell production. For increasing the absorption at the resonance transition, the buffer cell was heated up to the temperatures 60÷75◦ C with the use of a bifilar wire; the influence
of the applied magnetic field was minimal.
The width of the dark resonances from a buffer gas cell is
determined first of all by the inhomogeneity of the magnetic
field in the cell and due to the contribution of the quadratic
Zeeman effect [29]. At the magnetic field larger than 10 G, it
is possible to resolve the components of the resonance, and
their width for B = 14 G is approximately equal to 15 kHz.
For the vacuum cell, the typical width is about 200 kHz.

6 Modeling spectra of FM spectroscopy of coherent
dark resonances in a vapor of Rb atoms
For detailed comparison of our theoretical calculations with
experimental data, we distilled a respective set of parameters from various experimental data in experiments with Rb
(with and without buffer gas) and vacuum cells. Dipole moments d of the employed transitions were taken from [31],
Rabi frequencies g and decay rates γ were calculated using
the equations:
g = dE/,

γ = 4d 2 ω3 /3c3 ,

where m and e are the mass and charge of the electron, respectively, c is the speed of light and ω is the transition frequency. In an experiment with the constant magnetic field,
the field strength was 14 G and the Zeeman splitting calculated with the formula Δ = egH /2mc was equal to 10 MHz
for the level 52 S1/2 (F = 2).
Using the mathematical technique outlined in Sect. 4, we
calculated the absorption spectra of Rb atoms in a frame of
a three-level model taking into account additional modulation of the frequency Ωmod and an additional decay channel,
corresponding to the respective RB atoms alone, as well as
the buffer Kr gas at different excitation conditions:
– when the magnetic field was fixed and the modulation frequency Ωmod was scanned;
– when the modulation frequency is fixed and the magnetic
field if scanned.

Taking into account additional modulation of the frequency Ωmod with deviation fdev and modulation frequency
f in the master equations does not affect the detected dependencies because this additional modulation frequency is
much bigger than the reverse time of the dark resonances
formation. Note also that we took into account in all our
calculations the modulation index dependency vs the modulation frequency (see Sect. 5), which is important for the
spectra calculations at the fixed magnetic field.
6.1 Case of the fixed magnetic field
In this subsection, we will consider a case when the applied
magnetic field is fixed, i.e., the Zeeman splitting does not
change, but we scan the modulation frequency Ωmod .
Both experimental and calculated spectra of the dark resonances in a vacuum cell are shown in Fig. 9(a), (b). A separate scale on the experimental figure shows values of the
FM index M, obtained from the measurement and calculations using formula (12) (for this figure, A = 54, B = 1.21).
Figure 9(c) shows the dependency of the resonances width
versus their order k. It can be easily seen that the experimental and theoretical graphs qualitatively fit each other.
Some discrepancy between experimental data and theoretical calculations for the resonances with k > kmax = 4 can be
explained by the reasons mentioned above (Sect. 5).
The dependence of the resonances widths versus their order k shows that for the small values of orders one can see
significant decrease of the width of the resonances with the
increase of their order, which tends to be saturated. By all
appearance, this saturation is due to the modulation registration technique because at the frequency modulation the
width of the observed resonance cannot be less than the
modulation amplitude, i.e., the value of fdev .
6.2 Case of the fixed modulation frequency
Figure 10 shows both experimental and calculated dependencies of the lock-in detector signal versus the magnetic
field B at the fixed modulation frequency Ωmod = 4 MHz.
In this case, a qualitative agreement between the experiment
and theory in connection with the amplitudes of the resonances for k ≤ kmax = 4 is also observed. However, the
width of the experimentally registered resonances of the
higher orders is significantly higher than those of the respective resonances in the theory. Moreover, this difference
grows with increasing k. Figure 10(d) shows that the resonances’ width is directly proportional to their order and, respectively, to the magnetic field strength. This means that the
resonance width is determined, first of all, by the inhomogeneity of the magnetic field inside the sample cell, which,
in its turn, depends on the dimensions of the cell and the
solenoid and their relative position, whereas in our theoretical analysis the magnetic field was assumed homogeneous.
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Fig. 9 (a) Experimental
spectrum of coherent dark
resonances from a cell with a
vapor of 87 Rb atoms taken at the
fixed magnetic field B = 14 G
by scanning the modulation
frequency at the following
parameters: deviation
fdev = 200 kHz, intensity of the
incident FM-light P ≈ 500 μW,
and the detector time constant
τ = 3 ms. Modulation index M
for the most prominent
resonances in the spectrum is
shown on the top of the figure.
(b) Theoretical calculations for
the derivative of the
transmission light from the
sample cell for the mentioned
above experimental parameters.
(c) Dependence of the
resonances widths versus their
orders k (the resonances are
labeled with the respective
orders which reach kmax = 4 at
the given experimental
parameters)

Experiments with the fixed modulation frequency are advantageous to those with the fixed magnetic field by the fact
that the FM index M does not change during the measurement process, which significantly simplifies the theoretical
interpretation.

1
Ωn ≈ 1.399 MHz/G · B.
n

order. The latter can be easily determined either by measuring several registered resonances or by measuring first the
magnetic field with the help of a more coarse detector.
Let us estimate the resolving power for the magnetic field
measurements, which can be attained in our experimental
setup. For the magnetometry applications, using the buffer
cell is preferable because the spectral width of the coherent
dark resonances in the presence of a buffer gas is significantly narrower [19]. Figure 11 shows a fundamental (k = 1)
dark resonance, which was detected in a buffer cell with
buffer gas at the constant magnetic field with B ≈ 14 G.
Due to the quadratic Zeeman effect, the resonance at the frequency ν ≈ 19.55 MHz is split into three components [29].
For each of them, the whole width at the half-maximum is
equal to ν ≈ 20 kHz and the signal-to-noise ratio S/N ≈
150. The registration of the signal was made at the time
constant of the lock-in amplifier τ = 3 ms. Because the frequency of the central component is proportional to the magnetic field induction, the resolution for magnetometry applications (i.e., the minimal change of magnetic induction,
which can be measured) can be estimated as:

Therefore, measuring of the constant magnetic field is reduced to the measuring of the frequency of any of the registered dark resonances under the condition that we know its

1 1
ν 1
σB (τ = 3 ms)
≈
=
≈ 7 × 10−6 ,
B
Q S/N
ν S/N

7 Feasibility of using FM spectroscopy of coherent dark
resonances in application to magnetometry
In this section, we will analyze both experimental data and
our theoretical model for the FM spectroscopy of coherent
dark resonances in application to magnetometry. We start
with the fact that the frequencies of the observed dark resonances are connected with the magnetic sublevels splitting
and completely determined by the magnetic field strength B,
which is applied to the sample cell with a vapor of Rb atoms
by the Breit–Rabi formula that gives for the nth order resonance (in a linear on the magnetic field approximation) the
following frequency [32]:

(14)
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Fig. 10 (a) Experimental spectrum of coherent dark resonances from
a cell with a vapor of 87 Rb atoms taken at the fixed modulation frequency Ωmod = 4 MHz by scanning magnetic field B at the following
parameters: FM index M = 10, deviation fdev = 200 kHz, intensity of
the incident FM-light P = 64 mkW, and the lock-in detector time constant τ = 10 ms. (b) Spectrum of the FM incident light, which is used
for determination of the modulation index M. (c) Theoretical calcula-

Fig. 11 Spectrum of the dark resonances taken from a vapor of Rb
atoms in a buffer gas at the constant magnetic field. All resonances are
split into three components due to the quadratic Zeeman effect. The
magnetic field induction was roughly 14 G, the power of the pumping
laser field P = 140 μW, and the synchronous detector time constant
τ = 3 ms

tions for the derivative of the transmission light from the sample cell for
the mentioned above experimental parameters and the following calculation parameters: Rabi frequencies g13 = g23 = 1, M = 4, R = 4,
γ13 = γ23 = 1, Ωmod = 4, and Γ = 3. (d) Dependence of the resonances widths versus their orders k (the resonances are labeled with
the respective orders which reach kmax = 4 at the given experimental
parameters)

where Q = ν/ν ≈ 980 is the resonance factor. For the
magnetic field B = 14 G, the uncertainty σB (τ = 3 ms) ≈
9 × 10−5 G.
Note that similar results were obtained earlier for Cs [14].
The maximal magnetic field strength which can be measured by the above described method is determined by the
maximal frequency with which the diode laser radiation can
be modulated efficiently. It equals to a few GHz, which immediately gives us the maximal possible measured magnetic
field strength of about a few fractions of a tesla for the measurements taken for the first order of the resonance. Using, for example, 10th order of the resonance for the same
measurements allows measurements of the magnetic field
strengths of a few tesla. With this one can expect that the
width of the resonances at switching from fractions to a few
T will not be changed at the constant FM index and the intensity of the FM laser field [33]. Therefore, the absolute
resolving power of this method is defined only by the signalto-noise ratio.
Weak magnetic fields which cause the Zeeman splitting
of the magnetic sublevels on the order of ν can be measured on a background of a larger, stable and known mag-
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netic field, but not separately, because in this case there are
no limitations due to the difficulty in registration of the coherent dark resonance with the frequency comparable with
its own spectral width or even smaller. With this measurement technique, the absolute resolving power for the magnetic field measurements will be the same as for the larger
field.
The limiting relative accuracy of the magnetometer (i.e.,
the maximal discrepancy between the measured value and
its real value) is defined by the accuracy with which gfactors that are included into the proportionality coefficient
between B and ν are known. Nowadays, it is approximately
2 × 10−6 [14, 34].

8 Conclusion
In conclusion, we made a detailed analysis and a comparison of the experimental data obtained with the FM laser
spectroscopy for the D1 line in 87 Rb atoms and theoretical
calculations based on the model developed by us earlier [12,
13]. For this, our simple model was extended on the case of
a real multilevel atom.
In the experiment, we measured dark resonances at
the Zeeman sublevels of the transition 52 S1/2 (F = 2) ↔
52 P1/2 (F = 1) in 87 Rb in transmission spectra under constant magnetic field. Simultaneously, the FM index was
measured with the help of Fabri–Perot interferometer. FM
spectra were registered either (i) by scanning the modulation frequency at the fixed magnetic field or (ii) by scanning
the strength of the magnetic field at the fixed modulation frequency. The spectra obtained both these ways are in a good
agreement with the theoretical model we had developed.
The feasibility of using FM spectroscopy of dark resonances for optical magnetometry was also discussed. The
estimated attainable relative resolving power for measuring
the strength of a magnetic field B in the range from 10 G to
100 G is equal to σB /B ≈ 7 × 10−6 for the measuring time
τ = 3 ms in a cell of Rb atoms with a buffer gas. We also
evaluated the working range for the considered magnetometer.
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